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Setup: Investment universe of n risky assets with covariance matrix X > 0.
IT : set of unlevered long-short portfolios (£ ball in R™).
I : set of unlevered long-only portfolios (standard simplex).

Standard Portfolios:
EW: the Equally-Weighted, wew, = 1/n.
EVW: the Equal-Volatility-Weighted, weyw = %.
ERC: the Equal Risk Contribution wer. solves in I

2
Were @ LWere = Ml (due to o(w)? = (1,w ® Tw)).
n

MV: the Minimum Variance wy,, minimizes o(w) over TI'*.

MDP: the Most Diversified Portfolio w* maximizes over IIT the
Diversification Ratio

DR(w) := (due to o (w) < (w,o)).
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Rho-presentative Portfolios
(o] 1)

The usual representation through weights has limitations: not holding any
financial stock does not necessarily mean no exposure to the financial sector.

: Consider the correlation spectrum of a portfolio

p(w), = o(w, e;)

which is the vector of correlations of the portfolio w to all assets e;.

well-defined for any long-short portfolio w # 0 as X > 0.
equivalent to weights as p: II — £ := {|| - || ;-1 = 1} is bijective.

measures a normalized and signed exposure of the portfolio w to each asset
of the universe, or how “well” each asset is represented in the portfolio.
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Rho-presentative Portfolios
ooe

This alternative representation naturally leads to a new class of portfolios:

Given an investment universe of risky assets, a portfolio is:

Representative if w > 0,
Rho-presentative if p(w) = 0.

Representative, not Rho-presentative in general:
Cap-weighted indices, EW, EVW.
Rho-presentative portfolios:

ERC, MV, MDP.

maximize the overall exposure of a portfolio to all assets.
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Maximally Rho-presentative Portfolios
0000

an unlevered portfolio wy € II is maximally Rho-presentative if
there is an aggregation f : R™ — R such that

wy € argl{lnaxf op

with f that is

increasing: if p(w) > p(y) then f o p(w) > f o p(y) to advantage
portfolios with higher exposures.

concave: consistent with

we €lwo, w1[ = p(ws) € dox]p(wo), p(w1)[ (with dg > 1).

symmetric: aggregated exposure is invariant under permutation.

Existence: as f is concave on R", the existence follows from the continuity of
f o p and the fact that p is homogeneous of degree 0.

Uniqueness: if f is increasing and concave, the objective of a strict convex
combination can always be improved.
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Maximally Rho-presentative Portfolios
0000

We denote:
v" (resp. v¥) the sorted v with the max at the top (resp. bottom)
Volatility adjusted weights ¢ : [T — IIT defined by ¢ (w) := ﬁw ®o.

The set R of unlevered Maximally Rho-presentative portfolios of n assets

R={wen" () pw)) = (6(w), pw)) }

is a finite union of polytopes, with ¢ (R) having a small Lebesgue measure

At (9(R) < s (IT7).

For any y € I\ II, there exists w € II" such that p(w) = p(y).
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Maximally Rho-presentative Portfolios
0o0e

A Maximally Rho-presentative w is:

weakly Rho-presentative as its average exposure is positive with
n ' {p(w),1) > DR™(w) > DR(w*)™" > 0.
fairly diversified, and positively correlated to a special long-only portfolio:

DR(w) > DR(wevw)

> 0.
o Q(wv wevw)

= EVW weyyw and MDP w™ are candidates for being max Rho-presentative.
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Applications

0e000
Investment Primal approach: Dual approach:

Strategy Portfolios maximize Weights Long max
Name foplw)= proportional to Only p-pr p-pr
EVW (p(w), 1) 100 X X
ERC (In(p(w)), 1) wi(Zw); = o (w)/n X X X
MDP min p(w) argmaxp+ DR X X X

Mean-Var p [ E(p(w)) — 5Var(p(w)) [ [ X [ [ A€ [0,1)

where p-pr stands for Rho-presentative.

The EVW, ERC and MDP are maximally Rho-presentative.
Primal objectives are comparable = unified financial interpretation.

Mean-Var trade off: maximize average vs. dispersion of exposures.
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Applications
00@00

When nearing implementation, practitioners use maximum weights %:
when imposed by regulators,
when using objective functions subject to estimation uncertainty.

1 T
argmin o(w) = argminos, , (w) = argmax — Z [(p(w) ® a)*], .
(w,1)=1 (w,1)=1 ’ wern T i—
0<w;< ¢

a “robust” min(p(w)®o)

identifies exactly the impact of maximum weights on the objective.
extends a result by Jagannathan and Ma (2003), that provided an
interpretation of the second minimization as using a robust objective.

Investment Primal approach: Dual approach:
Strategy Portfolios maximize Weights Long max
Name foplw) = proportional to Only p-pr p-pr
Constrained MV S [(p(w) © o)t argmin_4 ox X
1,r
Constrained MDP S e(w)Y]; argmax_+ DR x X
o,
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Applications
000®0

Goal: Identify Maximally Rho-presentative funds from their observed returns
only.

Funds that are max Rho-presentative necessarily satisfy:

DR(w) > DR(Wevw )/ 0(W, Wepw)-

_ (wo)
o(w) -

Problem: portfolio composition needed for evaluating D R(w)

Solution: Let @ = ¥~ 'o that maximizes the DR over long-short ptfs:

Vw € II, DR(w) = DR(w)o(w,w) = measure of realized DR.
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Applications
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Realized DR(EVW)/(correlation to EVW)

2278 US equity funds over Jan13-Marl7 : 80% of total US equity funds NAVs.

The fund in black replicates the S&P500 index.
Forward looking constrained MDPs and EVW.
The fund in red targets the highest investable DR.
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Conclusion
0®00

The provides an alternative and equivalent way of
representing portfolios.

(ex: MV, MDP, ERC) allow investors to be
positively exposed to all assets without being necessarily invested in all of
them.

maximize under no particular
constraint their aggregate exposure to all assets, as measured by a
function f that is symmetric, concave and increasing.

Such portfolios are long-only, and a was provided,
that is independent of f. They form a tiny subset of long-only portfolios,
where we recovered well-known and possibly constrained investment
strategies.

This tiny set has attracted significant investments for more than a decade.
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Conclusion
0000

The study of Maximally Rho-presentative portfolios leads to a
for constructing portfolios. It encompasses EW, EVW, ERC,
constrained MV and MDP.

We extend previous results of Jagannathan and Ma, by

such as the MV and MDP.

We showed how to
of funds without knowing their composition.

Beyond their financial implications, these results may be useful in other
fields where correlations are used to measure interactions.
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Conclusion
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Thank you! Questions?
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Step 1: R C II*: exhibit a feasible w € IT" for argmin,, e+ () p(y) 1
relaxed to argmin,, ¢ 5,5, 0 (W) (constructive).

Step 2: w € R = (p(w)T, p(w)*) = (p(w), p(
if not, Ip € &,, with (¢(w),po p(w)) < (d(w), p

~
~
~

T~

/
ep o p(wy) ’ ’
N /7

p(w)):
w)).

~
N/

(wy)
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Step 3: (p(w)", p(w)*) = (p(w), p(w)) = weR:
Vw € IT, 2 = fu(2) := (¢p(w)T, 2¥) is increasing, concave, sym and Vz # 0,

fuw 0 p(2) < (B(w), p(2)) < (B(w), p(w)) = (B(w)", p(w)*) = fu o p(w).

Step 4: \y—1 (R) < An—1 (ITTT) assuming o = 1:
We have Y(w,p) € R X &, p(w) € R = p(w) = w, thanks to:

fuw o p(2) < (p(w), p(2)) < (p(w), plp(w))) = (p(w)", p(P(w))*) = fu © p(p(w)).

Then, denoting A, := RN {w € R",p(w) =w'},

Z An—1 ( Z An—1( ) < Anc 1(H+T)

pEG, pES,

oeo
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A Not-So-Typical Saddle-Point Problem

1.0 -0.3 —-0.4
Y= —-0.3 1.0 —-0.5 =0
-0.4 -0.5 1.0

We obtained in our “Primal-Dual” framework that:

min o(w) = ma min p(w) = ma min o(w, ).
werﬁ—a() welR"\X{o} p() weR"\X{o}eeH+Q( )

ofw) min p(w) min o(w,0)

> Solves an a priori difficult problem (not quasi concave-quasi convex).
> minimizing a quadratic form over ITT is equivalent to solve an
unconstrained problem. Can we include more constraints?

ming e+ o(w,0) < min p(w) may happen if w is not Rho-presentative.
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